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TOPOLOGIES ON SPACES OF
VECTOR-VALUED CONTINUOUS FUNCTIONS!
BY
SURJIT SINGH KHURANA

ABSTRACT. Topologies By, 81, B; Bos Boc are defined on C, (X, E), the space
of all bounded, continuous functions from a completely regular Hausdorff
space X, into E, a normed space, and their duals are determined. Also many
properties of these topologies are proved.

0. Introduction. Let X be a completely regular Hausdorff space, E a
Hausdorff locally convex space, and C,(X, E) all continuous, bounded
functions from X into E. Many authors have considered the so-called strict
topologies on C,(X, E) and some subspaces of C,(X, E) [4], [12], [13], [14],
[15], [23], [28]. In this paper we prove many properties of these and some
other topologies on C,(X, E) and C(X, E), the space of all continuous
E-valued functions on X.

The paper is divided into 8 sections. §1 is concerned with notation and
definitions, and in §2 we prove some results to be used throughout the paper.
In §§3 and 4 we define topologies 8, B.. and generalize many results of
[18], [24], [28]; in particular, we prove that (C,(X, E), B,) and (C(X, E),
Boc) are Mackey. Denseness of C,(X)® E in (C,(X, E), B,) is proved,
under fairly general conditions on X and E, in §5. In §6 it is proved that
when X is paracompact (resp. when C,(X) ® E is dense in (C,(X, E), 8))),
(Cy(X, E), B) (resp. (Cy(X, E), B))) is Mackey. A different definition of 8,
is considered in §7 and it is proved that the two definitions are equivalent. In
§8 we prove that all these topologies are ‘locally solid’.

1. Notations and definitions. All linear spaces are taken over K, the scalar
field of real or complex numbers. X always denotes a Hausdorff completely
regular space and C(X) (G(X)) all scalar-valued continuous (bounded
continuous) functions on X. X (vX ) will denote Stone-Cech compactification
(real compactification) of X [6]. A locally convex space, say G, is always
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assumed to be Hausdorff and over K, and G’ will denote its topological dual.
(The terminology of [22] will be used for locally convex paces.) N always
denotes the set of natural numbers. A locally convex space F will be called
strong Mackey if every o(F’, F) relatively countably compact subset of F’ is
equicontinuous. For a locally convex space E, C (X, E) will denote the set of
all continuous functions from X into E and C,(X, E) (C,.(X, E)) will denote
the set of all continuous bounded (all continuous with relatively compact
images into E) functions from X into E. For a function f € C(X), f and f
denote its unique extensions to »X and X respectively (if it is meaningful).
For a locally convex space E with dual E’ and a subset A C E, we denote by
A°={feE:|fia)|=|f(a) < 1,V ae A} A° will be called the polar
of A. For a g: X — E, supp(g) = {x € X: g(x) # 0}, the closure being in
X. For a family {4,} of subsets of a locally convex space G, I' 4, will stand
for the absolutely convex hull of U 4, [22].

Let U be an algebra of subsets of a set Y, E, F locally convex spaces,
£(E, F) the set of all linear continuous mappings from E into F, S = S(¥,
A, E) the set of all E-valued A-simple functions on Y with the topology of
uniform convergence on Y, and p: % — £(E, F), a finitely additive set
function; then we shall call p a measure if the corresponding mapping u:
S(Y, ¥, E)— F is continuous [25, p. 375]. Denoting by B(Y, %, E), the
closure of S(Y, ¥, E), in the space of all bounded functions from Y into E
with the topology of uniform convergence, the measure p can be uniquely
extended to a linear continuous mapping p: B(Y, %, E) — F, F being the
completion of F. Let C be the algebra generated by zero-subsets of X (a
subset Z = f~!{0} of X, for some f € C,(X), is called a zero-subset of X).
The o-algebra generated by zero-subsets of X will be denoted by Ba and its
elements will be called Baire-subsets of X. Similarly the o-algebra generated
by open subsets of X will be denoted by Bo and its elements will be called
Borel sets. It is a straightforward verification that C,(X) ® E c B(X, C, E)
and so B(X, C, E) D C. (X, E) = {f € Cy(X, E), f(X) is relatively com-
pact in E}, [14]. M (X) will stand for K-valued, regular finitely additive
measures on G, and M,(X) (M,(X), M, (X)) o-smooth (r-smooth, tight),
K-valued Baire (Borel) measures on X [23], [27]. Let M(X, E") = {p: C >
£(E, K) = E’: p is a measure and Vx € E, p,, defined by
pe(B) ={ pu(B), x), is in M (X)}. Similar meanings for M, (X, E’), M,(X, E’),
M/(X, E’).

From this place onwards we assume (E, || - ||) to be a normed space.

Forap€ M,(X,E") (p € M (X, E’), p € M,(X, E’)) we define for any
Baire (Borel) set 4, | u|(4) = sup|Z u(F;)s;|, where sup is taken over all finite
Baire (Borel) partitions {F;} of 4 and all finite collections {s;} in E with
Is;]| < 1,V i Itis well known that | p| € M, (X) (|| € M,(X), |u| € M,(X))
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and |p(l < |pldIfI), ¥ f € S(X, Ba, E) (S(X, Bo, E)) [14, pp. 315-316],
[4, Proposition 3.9]. It is now easy to see that M (X, E) ={p: Ba—>E": p
finitely additive and |p| € M,(X)}. Similar results for M, (X, E’) and
M,(X, E"). Also if p € M,(X, E’) then, denoting by p, when p is considered
as an element of M, (X, E) we have | yo| = | | on Baire sets [14, Lemma 2.4,
p. 317]. From this it is obvious that if p € M,(X, E), then also | pg| = | p| on
Baire sets.

Fixap€ M, (X,E") (p €M (X, E’), p € M,(X, E") and let U* = {g:
X —[0, ]: g =supg, {g,) a sequence in C,(X), g, > 0, Vn} ({g8: X >
[0, 0], g =sup g,, 8, a net in Cy(X), g, > 0, Va}) [26, pp. 57-58]. For
g € U*, we have |p|(g) = sup{|p|(h), 0 < h < g, h € C,(X)}; for any é:
X — [0, o], define | u|*(8) = inf{| u|(¢): § € U*, £ > §}. For g: X - [0, ],
Jj=12

O) [ul*(8 + &2 < [p]*(8) + | 1*(82;

(i) g < &= |pl*(g) < |nl*(8;

(iii) g, € W* = | ul(g) = [w*(81)s

(iv) | p*(agy) = a| p|*(8)) (« > 0).

These are simple verifications (see [26]). For an f: X — E, we denote by
I/l € G(X), I FlI(x) = L F (DI

Let P={f: X— E: |p*(|flI) < }. Then P is a vector space and p,
(N = |p|*IfID, is a seminorm on P. Also P O S, where S = S(X, Ba, E)
(S(X, Bo, E)). Let £, = £,(n, X, E) be the closure of S(X, Ba, E) in the
seminormed space (P, p). Since p: S(X, Ba, E) — K has the property that
|n(g)| < p(g), Vg € S, there exists a unique extension p: £, — K such that
le(Nl < p(fN), Vf € £,.If f € £, then || f]| € £,(| u). To prove this, let { f,}
be a sequence in S such that | u|*(|| f, — f|) = 0. This implies | p|*| || f,]| —
Ifll | = 0 and so {|| f,||} is Cauchy in £,(] u|). Thus there exists a g € £,(| p])
such that | p|(| || £, — g]) = 0. From this it follows that |p|*(g = | flIID =0
and so || f]| € £,(Jn|) (note the space £,(|n|) is formed by first taking the
completion of | | and then collecting integrable functions; cf. [24]), | u(f)]| <
| w11, ¥V f € £,. Evidently £, D B(X, Ba, E) (B(X, Bo, E)); in particular,
£, O G,(X) ® E. With seminorm, f— | p|(|| f]]), £, is a seminormed space,
containing C,(X) ® E and S (X, Ba, E) (S (X, Bo, E)) as dense subspaces.

The topology B, on C,(X, E), is generated by the family of seminorms,
Il s> as h varies through scalar-valued functions on X, vanishing at infinity,
Iflln = sup,exllh(x)f(X)Il, f € Cp(X, E). From [4], B, is the finest locally
convex topology agreeing with itself on all || - || — bdd. subsets of C,(X, E).

It is clear from the definition that a net f, —»0, in (C,(X, E), B) iff
1l 0 in (C,(X), By). For an f € C,(X, E) there exists a net {f,} C
Cy(X)® E such that f, —»f in B,topology (C,(X)® E is dense in
(Cy(X, E), By) [4]). This means || f, — f|| =0 in (C,(X), By and so, for a



198 S. S. KHURANA

p € M(X, E), |p|(lfy — fl) > 0. From this it easily follows that
£.(u, X, E) D Cy(X, E). .

For a compact subset O C X \ X, let Co(X) = {flx: fECX),f=00n
Q}. The topology B,, on Cy(X, E) (C,.(X, E)), is defined by the seminorms
Il lln» b ranging through the elements of Co(X), || flln = supex/lh(x) f(O)lls
f € GX, E) (f€C.(X, E)). The topology B (B,) on C,(X,E) (on
C.(X, E)) is defined to be the intersection of the topologies B, as Q ranges
through compact (compact Gg’s in X and) subsets of X \ X (these definitions
are given for the case K = R in [4] or [23]). We list some properties of these
topologies in the following theorem.

THEOREM 1.1. (i) For any compact Q C X\x, By is the finest locally convex
topology agreeing with itself on bounded sets; also By, B, B, are the finest locally
convex topologies which agree with themselves on norm-bounded subsets of
C,(X, E).

@ P <K< Bo< B< B <l Il

(iii) (Gy(X, E), Bp) = M(X, E).

(iv) (C..(X, E), BY = M,(X, E').

) (C(X, E), By = M, (X, E).

(vi) By-bounded sets are norm-bounded in Cy(X, E).

The proof given in [13] extends immediately to this case.

2. Preliminary results. In this section, we shall prove some results which we
will be using later in the paper.

THEOREM 2.1. For a p € M,(X, E’) (p € M,(X, E"), M(X, E") and f €
Co(X) f 2 0, | pl(f) = sup{|w(2)|: g € G(X)® E, |l g|l < f}.

PrROOF. Fix € > 0. Since | p| € M,(X), there exists a disjoint finite collec-

tion {Z;}, 1 < i < n, of zero sets in X and real numbers {a;}, o; > 0, Vi,
such that Sa;xz < f, || p|(f) — 2« p(Z)| < &/2. This means, 3, Vi, a
finite disjoint collection of Baire sets 4;, 1 < j < p, and elements xj; in E,
%]l < 1, such that U4, C Z;, and | |pl(f) — 7. 10200 by, (4))] < 3e/4
(same p, Vi, becomes possible by allowing 4; to be v01d for some i, j). By
regularity of Baire measures p, , there exist Z C A;, such that | |u|(f) -
22 p, (Zy)| < 5e/6. Since the closures of {Z;} in X are mutually
disjoint, we can define, Vi, j, functions f; in C,(X), f; > 0, supp(f;) mutually
disjoint, f; < f/e; and ||pl(f) — Zicicn; 1<< plhy, ()l < e. Since ||Zx;
il < f, we get | pl(f) < sup{| u(g)l: g € C,(X) ®E, Il gll < f)- Conversely,
take a g € C,(X) ® E with || g|| < f. There exists g, € S(X, B,, E) such
that || g — go|| < e. This means || go|| < f+ € and so | p|(f + &) > |p(g)| >
|u(g)| — | (g — go)|- Since p is continuous on B(X, Ba, E) with sup norm
top it follows that | u|(f) > | n(g)|, which proves the theorem.
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LEMMA 2.2. Let A,;: 2V — K be a sequence of continuous, with product
topology on 2V, the class of all subsets of N, finitely additive functions. (Note the
continuity of A, is equivalent to its countable additivity.) If { p,(A)} is conver-
gent in K, VA €2V, then {u,} converges uniformly on 2V. In particular,
A, = lim A, is also countably additive and \,({n}) — 0.

ProOF. This lemma is a particular case of [16, Lemma 1]. This lemma also
follows from the Vitali-Hahn-Saks theorem, and the classical Phillips lemma
[29].

LEMMA 2.3. Let {f,} be a sequence in C(X), converging point is 0. Then f,,,
the extension of f, to vX, converges pointwise to zero.

We omit the proof because the result is well known.

LeMMA 2.4. If a net {f,} C(Cy(X, E), §), where § = By, B, or B,, con-
verges to 0, then || f,|| = 0 in (C,(X), 9).

ProoOF. It is easy to verify that the C,(X, R), with K = R and topology
induced by (C,(X), 9) is exactly (C,(X, R), 9) with K = R. So it will be
enough to show that || f,|| = 0in (C,(X, R), ¥) with K = R.

For & = B, the result is trivial. Let W be an absolutely convex, solid [23]
0-nbd. in (C,(X, R), B). Thus for every compact set Q C X \ X, there exists
an hy € Cy(X) such that W D {g € Cy(X), sup, e x|l g(x)hy(x)|| < 1}. De-
fine a B O-nbd. W, in C,(X, E), W, = Ty{f € Cy(X, E):
sup,e x|l f(x)ho(x)|| < 1}. Using the fact that f € W, implies || f|| € W and
that W is solid we get || f,|| € W, for every a > some o, The case of B, is
similar.

LEMMA 2.5. Let T be a Hausdorff topological space having a o-compact dense
subset, C (T) all scalar-valued continuous functions on T with topology induced
by the product topology on KT D C(T), A C C(T) such that every sequence in
A has a cluster point in C(T), and  an element in the closure A of A in KT.
Then there exists a sequence {{,,} C A such that y,, — {.

This result is proved in [20].

3. The topology 8. In this section we define the topology B, on C,(X, E)
and prove some results about this topology. When E = R this is discussed in
[21], [23], [24], [28]. Let H* = H=°(X, E) = {H C C,(X, E), H pointwise
equicontinuous and uniformly bounded}. If E = K we write J(*(X) in place
of H*(X, K). It is easily verified that I(* is closed under pointwise closure
and absolutely convex hull in C,(X, E). B, is defined to be the finest locally
convex topology which agrees with pointwise topology on each H € J(*. It
is easily verified that 8 < sup norm topology on C,(X, E) and that B is
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the finest locally convex topology agreeing with itself on the norm-bounded
subsets of C,(X, E).

In [21], (C,(X), B,) is denoted by M _(X). The elements of M (X) are
called separable measures in [28]. We define M (X, E)={p € Ba—> E’' =
C(E,K): p is a measure and Vx € E’, p: Ba— K, defined by
b (4) = < r(4), x>’ isin M (X)}.

We prove some properties of M (X, E’).

THEOREM 3.1. If p € M (X, E’) then | p| € M (X).

Proor. Since M (X, E’) Cc M,(X, E), |u| € M,(X). By [28, Proposition
4.1, p. 295] we need only prove that for any bounded continuous pseudomet-
ric d on X 3 a d-separable, d-zero set Z, such that | p|(X \ Z,) = 0. Take a ‘d’
and fix a positive integer n. There exist a Baire partition {4,;} of X and
elements x,; (1 < i < p(n)) in E, with ||x,;|| < 1, having the property that
[ul(X) < [229) u(x,; ® x4 )| + 1/n. Since {p, } are in M (X), 3 d-sepa-
rable, d-zero sets Z, ; such that I (X \Z,) = 0. Thus we get

P(n)
| ul(X) < 2 |1y, |(4,,) +

p(n)
= 2 Ip'x,, (Alu n an) +

p(m

- 1
< WA 0 Z,) +

im=]

(it is a simple verification that | g | < |p|, Vx € E with ||x|| < 1). From this
it follows that | u|(X) < |p[(UX, U 29Z, ), and so taking Z, = d-closure
of Ux, U ?NZ, ., we get the result.

THEOREM 3.2. B, < B;.

PROOF. Suppose W, an absolutely convex, absorbing subset of C, (X, E), is
a B, 0-nbd.but not B, 0-nbd. This means for some compact-G; subset Z of
X,Z c X\ X, Wis not a Bz 0-nbd. Let X\Z=U=,V,, where V,’s are
open and increasing in X, and V C V,+1» Vn (closures in X). Take an
increasing sequence { f,} C C(X),0< LH<Lf(Z)=0andf(V,)=1,Vn.
Since W is not B, 0-nbd. and B, is the finest locally convex topology which
agrees with itself on norm-bounded subset of C,(X, E), there exists, relative
to f,, Vn, a g, € C(X, E), and a > 0 such that | g, < a,
sup,exll f(x) g, (x)ll <1/n, and g, & W, Vn. But this means that {g,} €
J*(X, E) and g, — 0 pointwise and so g, € W from some n onwards, which
is a contradiction.
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THEOREM 3.3. Cz(X)® E is dense in (Cy(X, E), B,) and, for p €
Meo(X’ El)’ Cb(X’ E) c Bl(l", X, E)'

Proor. Take h € C,(X, E) and define, on X, a semimetric d(x, y) = ||h(x)
= h(»)||. Defining an equivalence relation in X, x ~ y & d(x, y) = 0, we get
a metric space (X, d) of eqmvalence classes, d(%, y) = d(x,y) (x € %,
» € ). Fixe > 0 and let { £}, be a partition of unity in X, subordinated
to the open covering { B(%, €): ¥ € X}, where B(%, ¢) is the open ball with
center at X and radius e. For every a, choose %, € X, such that f, (%) = 0 if
X & B(%,, £). Denoting by ’”d X — X, the canonical mapping, and taking
X, € X such that m,(x,) = X,, we get a partition of unity in X, {f,},er
fo=f, o @, such that if h*(x) =3, eh(x)f,(x) then ||h — h*|| < & (to
prove this, one has only to note that h(x) = 2, h(x)f,(x)). The collection
{h = 2 ,esh(x,)fy: J afinite subset of I} € J* and A, — h*, pointwise and
so A* is in the B -closure of C,(X)® E. Since e > 0 is arbitrary and
B < sup norm topology, & € B-closure of C,(X) ® E, in (C,(X, E), B.)-
Also since ||, — h*|| -0 in (C,(X), B,), for a p € M (X, E’), | p|(l|4; —
h*|]) > 0. This gives h* € £,(p, X, E). Since ||h — h*|| < e, and ¢ is
arbitrary, this gives & € £,(p, X, E) and so C,(X, E) C £,(, X, E). This
completes the theorem.

REMARK 3.4. What we have proved above is that given f € C,(X, E) and
€ > 0 there exist an k# € C,(X, E) and a net {h,},c; C C,(X) ® E such
that 4, — h, pointwise, {h,: a« € I} € H*(X), and ||h — f|| < e.

THeOREM 3.5. (C,(X, E), B,) = M_(X, E'), the element L €
(Gy(X, E), B,,) being related to the corresponding p € M (X, E"), by L(f) =
w(), Vf € (X, E).

Proor. Take p € M (X, E’). Then by Theorem 3.3, u(f) is defined
Vf € G,(X, E). Suppose a net {f,} € I and f —0, pointwise, in
Cy(X, E). This means {||f,[|} € I*°(X) and || f,]] = 0, in C,(X), pointwise.
Since | p(£)] < | pl(I£I) — 0, we get p(f,) - 0 and so p € (C4(X, E), B,

Conversely let L € (C,(X, E), B,,). This implies L is continuous with
norm topology on C,(X, E). For x € E, the measure p,, defined by p (f) =
L(f ® x), Vf € Cy(X), is easily seen to be in M_(X) and so u can be
considered to be an element of M (X, E’) (first p, can be considered as g, :
Ba — K and then {p(4), x) can be defined as p (4); one needs the usual
procedure to prove p € M (X, E’) [27]). Extend p to £,. From the first part
of the proof p € (C,(X, E), B,). Since C,(X) ® E is dense in
(G(X, E), By,), we get u(f) = L(f), V f € C,(X, E). This proves the theo-
rem.

COROLLARY 3.6. A bounded subset of (C,(X, E), B,,) is norm-bounded.
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Proor. With norm topology, ie., the topology induced by (C,(X, E),
I =11, My(X, E") is a Banach space. The result follows now easily by the
uniform boundedness principle (see [23, Theorem 4.7]).

THEOREM 3.7. Let A be o(F', F) relatively countably compact subset of F’,
where F = Cy(X, E) and F' = M (X, E’). If A is norm-bounded in F' C
(Co(X, E), || ]I, then A is equicontinuous in (C,(X, E), B). In particular, (i)
(Co(X, E), B) is always Mackey; (ii) if E is a Banach space (C,(X, E), B,)
is strongly Mackey.

Proor. We first prove [4| = {|p|: p € 4} is equicontinuous in
(G, (X)), By)'- Using the technique of [9, p. 4] (see also [24]), it is enough to
prove that for any partition of unity { f,} (« € I) on X and ¢ > 0, 3 a finite
subset I, of I such that 3, ¢, | ul(£,) > |p|(1) — &, V. € A. If this is not true,
there exists a sequence { 41,} C 4, a strictly increasing sequence {p(n)} C N
with p(0) =1, and a distinct countable set {a,} C I such that
|| (ZELS" PPN, ) > €/2, Vn. Thus there exists a sequence {g,} in
Cy(X, E) (using Theorem 2.1), ||g,I| < S20D-7@=1f and |p,(g,)| >
e/2,Vn.

For any subset M C N, g, = 2,28, is in C,(X, E) (note g,(x) =0,
except for a finite number of values of n, for every x € X) and ||Z,c p8.ll <
1. The countable set {g,: M finite} is dense in P = (g, M C N} C
(Gy(X, E), B,,) and so if p, in M (X, E’), is an adherent point of { u,}, there
is a subsequence of { u,}, which for notational convenience we again denote
by { .}, such that p, — p, pointwise on P (Lemma 2.5). Define A: 2V — K,
A, (M) = p,(g)- Using the dominated convergence and the relation | ,(g)|
< |l gll), Vg € Co(X, E), we prove that the A,’s are countably additive.
Also A, (M) is convergent VM. Thus p,(g,) — 0, by Lemma 2.2, which is a
contradiction. So we have established that |4]| is equicontinuous in (C,(X),
B.)- Suppose A is not equicontinuous. This means 4° = {f € C,(X, E):
[u(N) <1, Vp € 4} is not a B, 0-nbd. Thus there exists an absolutely
convex, pointwise closed H € J(®(X, E) such that for any finite subset
aCX and any n €N, 3f,, € H and p,, € A with the property that
SUp, eql fon (| < 1/n and |y, (f, )] > 1. It is easily verified that ||H| =
{ll#ll: h € H} € H*(X). Since f, , >0, we get || £, || =0, pointwise. Using
the equicontinuity of |4|, we get | p|(|| £, ,I) =0, uniformly for p € A. This
contradicts |, ,(f,.)] > 1, Va and Vn. If 4 is absolutely convex and
o(F’, F)-compact then 4 will be strongly bounded in F’ [22, Theorem 5.1, p.
141]. By Corollary 3.6, A is norm-bounded and so is equicontinuous. If E is a
Banach space and 4 is o(F’, F), relatively countably compact subset of F’,
then 4 is a relatively countably compact subset of ((C,(X, E), || - |))'
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6((C,(X, E), || - |I), F)) and so is norm-bounded. Thus A4 is equicontinuous.
This completes the theorem.

THEOREM 3.8. 8 < ..

ProOF. Let H € 3(*(X, E), p € (C,(X, E), B) and f, — 0, pointwise, in
H.

Let g, = sup, |l £l € C,(X). Fix 7 > 0. Since [|£,/(g, + 0l < 1, Va
and g,|0, p((f,/(g, + M) g,) — 0 [4, Theorem 2.3]. Since p is continuous
with norm topology on C,(X, E) it follows that p(f,) -0 (since n > 0 is
arbitrary). This implies f, — 0 weakly in (C,(X, E), ). Since 8, is Mackey
(Theorem 3.7) we get 8,, > B[22, 7.4, (a)= (b))

COROLLARY 3.9. (i) C,(X) ® E is dense in (Cy(X, E), B).

@) If p € M, (X, E), then £,(X, E, pp) D C,(X, E).

(iii) C,(X, E)Y = M,(X, E’), the element L € Cy(X, E) being related to
corresponding u € M, (X, E"), by L(f) = p(f), Vf € Cp(X, E).

PRrOOF. (i) follows from Theorems 3.3 and 3.8.

(ii) Take an f € C,(X, E). By (i) there exists a net { f,} C C,(X) ® E such
that f, — f in B-topology. This means || f, — f|| = 0 in (C,(X), B) (Lemma
2.4). This implies |p|(]|f, — f]) 0. From this the required result easily
follows.

(iif) Take p € M, (X, E’) and define L(f) = p(f), Vf € C,(X, E). If f, -
0 in (G,(X, E), B) then, by Lemma 24, |£,|| -0 in (C,(X), B) and so
| B0l £l = 0. Since |L(£)] = | w(£)] < | 1l(l£ID, we get L € (C,(X, E), BY.
Since 8 < B, the converse is very similar to what is done in Theorem 3.5.

On M (X, E’), the topology I is defined to be the topology of uniform
convergence on 3.

THEOREM 3.10. (M (X, E’), H*) is complete. If E is a reflexive Banach
space each H € J(* is relatively o(C,(X, E), M (X, E’))-compact; in this
case (M (X, E’), ,*)Y = Cy(X, E) and L(X) ® E’ is dense in
(M (X, E"), 3(*), L(X) being the linear space of all discrete Baire measures
on X [18].

Proor. The first statement follows from the Grothendieck completeness
theorem [22, Theorem 6.2, p. 148). Suppose E is a reflexive Banach space.
Take an absolurely convex, pointwise closed H inJ(®. With the weak topol-
ogy on E and with the topology of convergence pointwise on X, H is compact
(Ascoli’s theorem, [1, Chapter X]). Take a net {f,} C H such that f,(x) -0,
weakly in E, Vx € X, and let p € M_ (X, E’). We claim p(f,) — 0. Suppose
RI(p(f)) > & Ya € I for some € > 0. Let Hy = {f € H: RI(p(f)) > &)
With norm topology on E and product topology on E*, H,, is a closed convex
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subset of EX, {f,} c H,, and 0 & H,. By the separation theorem, there exists
{g: 1<i<n}CE, {x: 1<i<n}CX, and 9 >0 such that 0>
sup{RI Z,¢;<cn& ° f(x): f € Hy} + n. This contradicts the weak conver-
gence of {f,(x)} in E, Vx € X. Taking —f, and *if,, instead of f,, and
proceeding in a similar way, we justify the claim. This proves that H is
o(Cy(X, E), M_(X, E"))-compact. By Mackey-Arens theorem [22, p. 131],
(M (X, E’), H*)Y = Cy(X, E). If L(X)® E’ is not dense in
(M (X, E’), I*) there exists a nonzero f € C,(X, E) such that f =0 on
L(X)® E’.Butf =0 on L(X) ® E'means f = 0on X, a contradiction. This
proves the theorem.
REMARK. This theorem generalizes [18, Theorem 8.6, p. 17].

4. The topology B... For a p € M,(X), we get, by Riesz representation,
i € M(X), the set of all regular Borel measures on X, such that i(g) =
1 glx),VgecC (X). Itisa simple verification that for a Baire measurable f:
X [0, 0o}, [fdii = [flx du. Let M.(X) = {p € M,(X): supp|p|~ C »X).
Every f € C(X) is integrable with respect to every p € M_(X) [10], [18]. We
denote by JC(X) the collection of all pointwise bounded and equicontinuous
subsets of C(X). We write M, .(X) for M (X) N M.(X).

LemMMA 4.1. Every p € M .(X) is continuous on each H € I((X) with
pointwise topology on H.

PROOF. p € M .(X) implies | u| € M, .(X). Let G be the compact support
of | u|~, and suppose a net { f,}.es f, > 0, converges to 0 pointwise, in some
H € 3((X). Let g, = sup,,f,. Then {g,: « € I} € I(X) and g,|0 point-
wise. Let g,: X — [0, o) be the unique continuous extension of g,. Fix an
ap € I. Then M = sup g, (G) < o0, since G C vX. For every a > a,, put

= inf(g,, M), {h,: a > ap} € H*(X) and h, — 0 pointwise. Thus | u|(h,)
—0. If A: X0, ) is the unique continuous extension of 4,, then for
every a > ag, |pl(8,) = fg & d|p|~ = [T d|p|™ = [inf(gs, M) d|p|~ =
JhT d|p|™ = |p|(h,) and so |p|(g,)— 0. This proves |p|(f,) —0. In the
general case, if f, — 0, pointwise, in some H € J(, then {|f,|} € IH(X) and
|f.l =0, pointwise. Thus |p(f)| < |pl(f,]) =0, from which the result
follows.

We denote by 3 = I((X, E) the collection of all pointwise bounded and
equicontinuous subsets of C(X, E). J((X, E) is closed under taking ab-
solutely convex hulls and pointwise closure. We define M (X, E’) = {p €
M,(X, E'): |p| € M (X)} and we put M_.(X, E') = M. (X, E) N
M (X, E’) (if there are no measurable cardinals, M (X, E’) = M,(X, E’)
[18]). On C(X, E), the topology B, is defined to be the finest locally convex
topology which agrees with pointwise topology on each H € I (the ex-
istence of this topology is guaranteed by [5]).
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THEOREM 4.2. (i) The topology B, on C,(X, E) is finer than the one induced
by (C(X, E), B.)-

(ii) C,(X) @ E is dense in (C (X, E), Bo.)-

(iii) p € M, (X, E") implies C(X, E) C £,(p, X, E).

(iv) For an f € C(X),f > 0, and p € M, (X, E') = | ul|(f) = sup{| p(8)|:
llgll < f, g € C(X, E)}.

ProoF. (i) This follows from the definition of 8.

(ii) Take f € C(X,E). For any r >0, P, = {x € X: || f(x)]| < r} and
0. = {x € X: ||f(x)|| > r + 1} are disjoint zero-sets and so there exists an
h € Cy(X), 0< h, <1, h(P,) =1, and h(Q,) = 0 [27]. Define, Vn € N,
8 = SUPicicn B Then {g,} C G(X), 0< g, <1, g?l, and gf €
C,(X, E), V n. Since {g,f} € X and g,f— f pointwise, we get C,(X, E) is
dense in (C (X, E), B...)- Using (i) and Theorem 3.3, we get the result.

(iii) Since p € M (X, E’), £,(X, E, p) D C,(X, E). In the notations of (ii),
IIf — g.fll =0, pointwise. Also ||f— g.fl| < 2||f|ll and so by dominated
convergence | u|(]| f — g.f]l) = 0. From this we get £,(g, X, E) D C(X, E).

(iv) Using the technique of (ii), this follows from Theorem 2.1.

THEOREM 4.3. (C(X, E), By.) = M_.(X, E’), the element L €
(C(X, E), By.) being related to the corresponding p € M (X, E’), by L(f)
= p(), Vf € C(X, E).

Proor. Take p € M (X, E’) and define L(f) = u(f), Vf € C(X, E).
Proceeding as in Theorem 3.5 and using Lemma 4.1, we get L € (C(X, E),
Boc). Conversely take an L € (C(X, E), B, ). Defining p, as in Theorem
3.5, and proceeding in an exactly similar way, we get p € M (X, E’) and
w(H) = L{f), Vf € C,(X, E) (we will need Theorem 4.2(i)). To establish
| n| € M_(X), it is enough to prove that every f € C(X),f > 0, is | p|-integra-
ble [10, Theorem 17, p. 172]. Take f € C(X), f > 0, and suppose | p|(f) =
+ 0. There exists a sequence {f,} C C,(X), 0 < £,1f, and | p|(f,) > 4", Vn.
By Theorem 2.1, there exists a sequence { g,} C C,(X) ® E such that || g,|| <
J. and | p(g,)| > 4", Vn. Putting h, = g,/2", we get ||h,|| < f/2" and | u(h,)|
> 2", Vn. This means {h,} € I and A, — 0, pointwise, which implies that
u(h,) — 0, a contradiction of | u(h,)| > 2", Vn. To prove L(f) = u(f), Vf €
C(X, E), take a sequence { g,} as in Theorem 4.2(ii). It is easy to verify that
L(f) = lim L(g,f) = lim p(g.f) = p(f) (note | p(g.f — NI < |pllll £ — F1)
—0 by dominated convergence theorem, since | g.f — f|| < 2| f]|). This
completes the proof.

THEOREM 4.4. (i) Every element of IC is bounded in (C,(X, E), Bo.)-
(ii) (M .(X, E"), IC) is complete (I being the topology of uniform conver-
gence on the elements of ().
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(ii) If E is a reflexive Banach space, each H € ¥ is relatively
o(C(X, E), M_(X, E")-compact, (M, .(X, E"), XY = C(X, E), and
(M (X, E’), IC) is the completion of (L(X) ® E’, K).

Proor. (i) follows from the definition of B,. (ii) is immediate from [22,
Theorem 6.2, p. 148], once we use the fact that JC is saturated. Proof of (iii) is
very similar to the corresponding result of Theorem 3.10.

REMARK. This theorem generalizes [18, Theorem 9.5, p. 23].

THEOREM 4.5. If A ¢ M (X, E’) is norm-bounded in (Cy(X, E), || - ||)’ and
is o(M . (X, E"), C(X, E)) relatively countably compact, then A is equicontinu-
ous in (C(X, E), By.)- In particular, (C(X, E), B.) is Mackey and in case E
is a Banach space (C (X, E), B.) is strongly Mackey.

Proor. We first prove, as in Theorem 3.7, that |4| is equicontinuous on
(C(X), By.)- For this we take H € JC(X). Using the technique of [9, p. 4] it
is enough to take H of the form H = {3 c;c.f,: |ca] < po}, Where {f,},e; 1S
a partition of unity in X and {p,: a € I} a set of positive real numbers. As in
Theorem 3.7 it is enough to show that given ¢ > 0 there exists a finite subset
I, C 7 such that |p|(Z ey Puf) < & YV p € A. Hereafter the procedure is
very similar to Theorem 3.7. Details are omitted.

5. Denseness of C,(X) ® E in (C,(X, E), B8,). It was proved in Corollary
3.9 that C,(X) ® E is dense in (C,(X, E), B). In this section we consider the
same problem for S,.

THEOREM 5.1. If X has a o-compact dense subset (e.g., X separable) then
B = B, on Cy(X, E), in particular, C,(X) ® E is dense in (C,(X, E),B)).

Proor. Take H € 3(*(X, E) and suppose a net {f,} C H converges to 0
pointwise. Take p € (C,(X, E), B,). If n(f,) » 0, by taking subnets if neces-
sary we assume | p(f,)| > ¢, Va, for some e > 0.

Taking g, = sup{||f,|l: v > a}, we get {g,} € H°(X) and g,|0. By the
Ascoli theorem [1, Chapter X] and [20], 3 a subsequence { g,(,)} of { g,} such
that g,,0. By [4, Theorem 2.3, for any 1 > 0, p((fugn/(Zatny + M) Zaer) =
0, from which it easily follows that p(f,)—0, a contradiction. Thus
(Cy(X, E), B)Y C M (X, E’). Since B8, is Mackey, B, > B,. Using Theorem
32 wegetf, = ..

ReMARK. The assumptions of this theorem are needed so that results of
Lemma 2.5 may be applicable.

THEOREM 5.2. If X or E is a D-space [7), then C,(X) ® E is dense in
(Cb(X’ E)’ Bl)

Proor. Take an h € C,(X, E). Fixing ¢ > 0 and using the notation of
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Theorem 3.3 we get an h* € Cy(X, E), ||h — h*|| < ¢ and h*(x) =
2 aerh(x,) f(x), for a partition of unity {f,},e; in X. If E (resp. X) is a
D-space, there exists, in E (in X), a dense (a d-dense, d being as in Theorem
3.3) {p,: Yy € P}, P being of nonmeasurable cardinal [7, p. 11, footnote (6)].
This means 34** € C,(X, E) and a partition {I,: y € Py} of I, cardinality
of P, not exceeding that of P, such that 2**(x) = 2, ¢ 2,8,(x), z, € E with
1,1l < sup, x| + & 8 = Spc;for and |A* — h**| < e. Fix a p €
(G(X, E), B, p =0 0on Cy(X) ® E, and define v(4) = p(Z, 42, ® g,) for
any A C P,. Proceeding as in Theorem 5.1 we prove that » is countably
additive; also » is bounded and »({p}) = 0, Vp € P,. Since P, is of non-
measurable cardinal, » = 0 and so u(h**) = 0. Since B8, < || - || on C,(X, E),
we have p € (Gy(X, E), || -1Iy. Thus |p(h)| < {n(h — h**)| < |lp]l - 2e
Since ¢ is arbitrary we get p(h) = 0. This proves the theorem.

THEOREM 5.3. If C,(X) ® E is dense in (Cy(X, E), B)), then

@) for any p € M,(X, E"), £,(, X, E) D Gy(X, E);

(i) (Cy(X, E), B))Y = M (X, E’), L € (Cy(X, E), B,) being related to cor-
responding p € M (X, E") by L(f) = p(f), Vf € C(X, E).

Proof is similar to Theorem 3.9 and is omitted.

6. Some sufficient conditions for (C,(X, E), 8) and (C,(X, E), 3,) to be
Mackey. In Theorem 3.7 we proved that (C,(X, E), B,,) is strongly Mackey
in case E is a Banach space. In this section we prove similar results for other
topologies on C, (X, E).

THEOREM 6.1. If X is a paracompact Hausdorff space and A is a norm-
bounded, o(M.(X, E"), C,(X, E)) relatively countably compact subset of
M.(X, E’), then A is equicontinuous on (C,(X, E), 8). Consequently
(Cy(X, E), B) is Mackey, and in case E is a Banach space it is strongly
Mackey.

ProoF. Since 4 C¢ M (X, E’), A is o(M(X, E’), C,(X, E)) relatively
countably compact. This implies (proof of Theorem 3.7) that |A| is B,-
equicontinuous in M (X). Since X is paracompact, 8 = B, and M _(X)
= M,(X). Thus |A4| is B-equicontinuous in M,(X). By the Lemma 2.4, 4 is
[B-equicontinuous.

THEOREM 6.2. Suppose C,(X) ® E is dense in (C,(X, E), B,), and let A be a
norm-bounded and o(M, (X, E’), C,(X, E)) a relatively countably compact
subset of M,(X, E’). Then A is equicontinuous on (Cy(X, E), B8,). Thus

(Cy(X, E), B,) is Mackey and in case E is a Banach space it is strongly
Mackey.

PrOOF. Suppose 4° = {f € C,(X, E): |u(f)| <1, Vp € A} is not B,
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0 = nbd. There exist a k > 0 and a zero-set Z in X, Z C X \ X such that
A° Z S, n V, for any B, 0-nbd. V in C,(X, E), where S, = { f € C,(X, E):
I/l < k}. This means there exists an increasing sequence {¥,} of open sets
in X, ¥, c V,,, (closure in X), and X\Z= U®.,V,. Thus X\ Z is
paracompact and contains X. Take a partition of unity {f},e; in X,
subordinate to the covering { ¥, N X}, y. Denoting by f., the extension of f,
to X, we get £ =0, on Z, Va. Thus for any finite subset y C I and n € N,
3g,, € S; and p, , € A such that ||g,,(C.e, /DI < 1/2" and |, . (g,0)| >
1. We claim, given ¢ > 0, there exists a finite subset I, C I such that
[BlCaer, fo) > 10l(1) — e/(1 + k), Vu € A. If this is not true, there exist a
sequence {h,} C C,(X)® E, a sequence {p,} C 4, a strictly increasing
sequence {p,} C N, and distinct countable set {a,} C I satisfying the
conditions, | ,(h,)| > e/(1 + k) and ||h,|| < ZELFOPO7If, . Proceeding
as in Theorem 3.7 we get a contradiction and so the claim is established.

Let 6y = sup{||p||: p € A}. Take ny € N such that 2" > 46, and fix
Yo = I/ Putting ¢, =2,¢;  fo and ¢, =3,¢cpy,, fo We get g, , =
91 8yony + 928y,n, FOT A P € 4,

[1(&yon)] < | RI(1ll 8ynll) + | l(4:] g,t,,,.‘,ll)

1
— k
41 + k) <
a contradiction to |, ,(g,,)| > 1. This proves the result. The rest is similar to
Theorem 3.7.

7. A different definition for S. In case E is reals a different definition for
B, is given in [28, Definition 3.2, p. 292] and then it is proved that our
definition is equivalent with that. In this section we prove that a similar result
holds when E is a normed space. For a continuous semimetric d on X we
define an equivalence relation, in X, x ~y < d(x,y) = 0. This gives us a
metric space (X, d) of equivalence classes, d(%, 5) = d(x,y) (x € %,y € ).

<y +

THEOREM 7.1. B, is the finest locally convex topology on C,(X, E) for which
the canonical mappings (C,(X,;, E), B)— C,(X, E) are continuous for all
continuous semimetrics d on X.

ProoF. Let 7 be the finest locally convex topology on C,(X, E) satisfying
the above condition. If { f,} € H*(X, E ) and f, — 0 pointwise, by defining
d(x,y) = sup,|| fo(x) — f(¥)I| we see (£} € (X, E) and f;~ — 0 point-
wise, f~ being defined by f,(%) = f,(x) (x € %). This means f,>0in
(Cy(X,, E), B,,) and so f, —» 0 in (Cy(X,, E), B), since 8 < B. Thus f, -0
in (Cy(X, E), 7) and so 7 < B,. Now for any continuous semimetric d,
(G(Xy, E), BY = M.(X,, E') = M(X,, E) = (Cy(X, E), B (we are
using the fact that for metric space Y, M,(Y) = M_(Y) and therefore
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M. (Y, E") = M(Y, E’) [28)]). Since (C,(X,, E), B) and (C,(X,, E), B,,) are
both Mackey (Theorems 6.1 and 3.7) we get 8 = B, on C,(X,, E). We want
to prove 7 > B, i.e., the mapping (C,(X, E), 1) - (C,(X, E), B,,) is con-
tinuous. For this it is enough to prove that the canonical mapping (C,(X,, E),
B) = (C,(X, E), B,) is continuous for any continuous semimetric 4 on X.
Since B = B, on C,(X,, E), this is equivalent to proving that the mapping
(Cy(X, E), B) = (Cy(X, E), B,.) is continuous.

Take a net {f,} € H*(X,, E) such that f, -0 pointwise. This means
{fi ° @} € H*(X, d) and f, ° ¢ — 0 pointwise, p: X — X, being the canoni-
cal mapping. Thus f, ° ¢ — 0in (C,(X, E), B,). This proves the result.

8. ‘Locally solid’ property. It is easily seen that the topology S8, has a 0-nbd.
base consisting of sets ¥ which are absolutely convex and has the additional
property that f € V, g € C,(X, E) with || g|| < || f]| implies g € V; we shall
call this property locally solid and ¥ will be called a solid set (this terminol-
ogy is used in ordered locally convex spaces [19], [22]). With E = K = R it is
known [19], [22] that B, B, B,, B, have 0-nbd. bases consisting of sets which
are absolutely convex and locally solid. In this section we generalize those
results to the case when E is a normed space.

THEOREM 8.1. The topologies By, B, Bis B on C,(X, E) are locally solid and
the topology B... on C (X, E) is locally solid.

Proor. The result is obvious for B,. We consider the topology 8. Let K be
all compact subsets of X \ X. For a Q € X and an hy € Cp(X), let
Vo = {f € G(X, E), || fhpll < 1}. Then V, is solid and the polar ¥° of
V=U {V,: Q@ € X}, in M,(X, E’) satisfies the result, ¥’ = N {V]: Q €
X}. Forap € V° and Q € K, p € Vg, and since ¥, is solid, | p|(|| fII) =
sup{| n(8)|: g € G,(X, E), | gll < [Ifll} < 1, Vf € V. From this it follows
that the absolutely convex solid set W= {f € C,(X, E): |u|(lfID <1, V
p € V°} contains U {V,: Q € K} and is contained in ¥°°. This proves that
the topology B is locally solid. The case of B, is similar and is omitted. Let &
be the locally convex, locally solid topology on C,(X, E) with nbd. base
consisting of all sets 4, = {f € C,(X, E): |u|(lfI) < 1, Vi € 4}, where 4
is B, -equicontinuous in M (X, E’). Evidently B, < 9. Take a p €
(C(X, E), TY. If {f,} c H>(X, E) and f, — 0, pointwise, then {||f,||} C
J*(X) and || £,]| >0, in (C,(X), B.,)- Fix ¢ > 0. There exists a 8,-equicon-
tinuous set A C M (X, E’), such that |pu(4))| < &. Since the equicontinuity
of A implies norm-boundedness of 4, |4] is B-equicontinuous in M (X).
Thus |»|(]| £, |) = O uniformly for » € 4. This means f, € 4, for a > some a,
and so | n(f)| < & V a > ap. This means p € M (X, E’). By Theorem 3.7,
B, > Y and so B, = J. The case of B, is similar to B, the only
difference being that we have to use the results of §4.
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COROLLARY 8.2. If f, —> 0 in (Cy(X, E), B,,) (resp. (C(X, E), Booo))s Il foll =
0.in (Cp(X, Bwc)), (resp. (C(X), Beoe))-

ProOF. Let ¥, = {H € H*(X, E): H absolutely convex, equicontinuous,
and pointwise closed} and %, = {H € X*(X), H absolutely convex,
equicontinuous, and pointwise closed}. For every H € %, take p(H) € %,
such that p(H) D ||[H|. Let ¥ be an absolutely convex, solid 0-nbd. in
(Cy(X), Bs)- Then for every H € %, there exists a finite subset n(H) C X
and y(H) > Osuch that V' 5 U yey (f € H: sup|f(n(H))| < y(H)}. Then
W = the absolutely convex hull of U yey {f € H: sup| f(n(pe(H))| <
Y(p(H))} is a O-nbd. in (C,(X, E), B.). Thus f, € W, Va > «,. Fix a > a,.
There exists a finite collection {\,} C K and h; € H; € %,, with Z|\] < 1,
sup|| A, (n(p(H))I| < Y(p(H)), and f, = S\, This means ||| € p(H) and
sup||All(n(e(H)))) < v(o(H)). Thus ZN| [|A]l € V and since ¥ is solid || £l
€ V. This proves the result for B8,. The case of 8, is similar.

I am grateful to the referee for making several useful suggestions which
improved the paper.
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